Long-lived pseudo-solitonic objects, known as oscillons/oscillatons, which we collectively call real scalar stars, are ubiquitous in early Universe cosmology of scalar field theories. Typical examples are axions stars and moduli stars. Using numerical simulations in full general relativity to include the effects of gravity, we study the fate of real scalar stars and find that depending on the scalar potential they are either meta-stable or collapse to black holes. In particular we find that for KKLT potentials the configurations are metastable despite the asymmetry of the potential, consistently with the results from lattice simulations that do not include gravitational effects. For α-attractor potentials collapse to black holes is possible in a region of the parameter space where scalar stars would instead seem to be meta-stable or even disperse without including gravity. Each case gives rise to different cosmological implications which may affect the stochastic spectrum of gravitational waves.
Introduction
The discovery of the Higgs field [1, 2] represents the first observation of a fundamental scalar field 1 . However, there are many reasons to believe that the Higgs is not the only fundamental scalar degree of freedom existing in nature. In fact, most extensions of the Standard Model of particle physics (SM) provide for the existence of scalar fields at various energy scales. Some examples include:
• The existence of a pseudo-scalar field, the QCD axion, is implied by one of the best motivated solutions to the strong CP problem of QCD, via the Peccei-Quinn mechanism [4] , see [5] for a review.
• At least one scalar field is required in the simplest models of inflation, which is the currently most accepted extension of ΛCDM: it describes an accelerated expansion of the Universe during its early stages due to the potential energy stored in a scalar field that is undergoing a slow-roll motion, see e.g. [6] for a review.
• Any supersymmetric extension of the SM includes scalar fields with masses above the electroweak scale, see e.g. [7, 8] .
• String theory predicts the existence of several gravitationally coupled scalar fields, called moduli, whose vacuum expectation values parametrize the size and shape of the extra-dimensions required for the consistency of the theory [9] . String theory also predicts the existence of a plethora of axion-like particles, not necessarily related to the strong CP problem of QCD [10, 11] .
• Very recently four-dimensional extensions of the SM (not including gravity) modelled as fundamental QFT have been considered [12] . They are based on the UV completion mechanism called asymptotic safety, characterized by the presence of a non trivial UV fixed point of the renormalization group which allows to overcome problems such as the presence of Landau poles in the theory. Perturbative analyses of interacting nonAbelian gauge fields, fermions and scalars in the Veneziano limit for different gauge groups and matter representations have shown that generically several fundamental scalar fields are required for the UV fixed point to exist.
The classical equations of motion of scalar fields admit (meta-)stable localized solutions 2 , also known as (pseudo-)solitons [13] [14] [15] [16] . The rapid dispersion of such localized solutions is avoided due to the non-linearity of the equations of motion, giving rise to stable or long-lived compact objects that, if formed during the early Universe, can leave observable signatures in the form of a stochastic background of Gravitational Waves (GWs). The detection of such GW background would provide valuable information about the pre-Big Bang Nucleosynthesis (BBN) era [17] [18] [19] [20] [21] [22] [23] [24] . In some scenarios, long-lived (pseudo-)solitons can survive till the current time, either providing a natural candidate for dark matter [25] [26] [27] [28] or a source of distinct signatures if a fraction of the dark matter is in the form of compact objects, see e.g. [29] [30] [31] [32] [33] [34] .
There exist a plethora of distinct (pseudo-)solitonic compact objects, whose differences can be traced back to the mechanism that guarantees their (meta-)stability, see [35] for a recent review. If this is ensured by the conservation of a topological charge, the resulting compact object is a topological soliton [15] . Examples of this class are kinks, vortices and skyrmions. If the stability is given by the conservation of a Noether charge, then the compact object is a non-topological soliton [36] : some of the simplest representatives of this class are summarized in Tab. 1. We collectively refer to the objects appearing in Tab. 1, i.e. non-topological solitons composed by a single scalar field, as scalar stars.
A complex scalar field whose Lagrangian obeys a global U (1) symmetry 3 gives rise to non-topological solitons called boson stars [37] ; the global U (1) charge guarantees their stability. In the regime in which gravity is negligible the same system leads to non-topological solitons such as Q-balls [38] : they can be formed if the attractive self-interactions of the complex scalar field compensate for the gradient energy. Contrary to fermion stars (like neutron stars) for which the mass of the compact object is M f ∼ M 3 p /m 2 (where M p is the reduced Planck mass and m the mass of the corresponding particle), typical boson stars 2 The energy density associated to a (pseudo-)solitonic solution goes rapidly to zero far away from the centre of the (pseudo-)soliton. While solitons are classically stable due to some conservation law, pseudosolitons can be long-lived but eventually decay.
3 E.g. if the complex field φ has canonical kinetic terms and scalar potential V = have a much smaller mass M b ∼ M 2 p /m and are therefore sometimes called mini-boson stars [37] . If the self-interactions are strong enough, i.e. if gM 2 p /m 2 1 (the coupling g is defined in the scalar potential in footnote 1), the star can be as heavy as the corresponding fermion star and then it is simply called boson star [39] .
In the case of real scalar fields, there is no global symmetry to guarantee the stability of the compact objects, but these can be long-lived due to approximate symmetries [40] . The object in question in this case is a pseudo-soliton, whose main representative is given by an oscillaton. Typical examples of oscillatons are axion stars 4 . Oscillons [41] [42] [43] [44] [45] [46] belong to the same class as oscillatons, but they are typically restricted to the regime in which the role of gravity is negligible. Their stability is provided by attractive non-linear interactions, rather than gravity: their existence requires the scalar potential to be shallower than quadratic at least on one side around the minimum. Oscillons are formed during a preheating-like stage in a wide variety of inflationary models [18, [20] [21] [22] [23] [24] , as well as in string moduli potentials as a consequence of field displacement [24] . We collectively refer to pseudo-solitonic objects arising from a single real scalar field, i.e. the bottom line of Tab. 1, as real scalar stars (RSSs). The goal in this paper is to explore the importance of gravity for the stability of RSSs, studying their dynamics at the border between the oscillon and oscillaton regimes.
The fate of RSSs is the subject of the analysis in the present paper. It is known that in the free-field case the solutions are characterized by a stable and an unstable branch [45] : perturbed configurations belonging to the latter either collapse to black holes or they migrate to the stable branch, depending on the sign of the perturbation. In the interacting case, studying the equilibrium configurations is challenging both from the analytic and from the numerical points of view [46] . It is, however, possible to address this question performing numerical studies that include the effects of General Relativity (GR) and the full non-linear dynamics of the self-interactions 5 .
An example of such a study is [51] , where the authors considered stability of RSSs in the specific case of an axion potential. As expected they found that, depending on the parameters of the model, axions stars can be stable, disperse or collapse to black holes. Interestingly, non-linear interactions are crucial for a proper understanding of the dynamics of these objects: even if the initial radius of the star is much larger than the corresponding Schwarzschild radius, the interplay of non-linear interactions and gravity can drive the star to collapse or to dispersion.
RSSs formed after inflation and before BBN and composed of the inflaton or any other modulus that is displaced from the late-time minimum after inflation [52] [53] [54] [55] are particularly well-motivated because -when gravity is negligible -the existence of these compact objects requires the potential to be shallower than quadratic, which translates into an attractive interaction between particles. This requirement is met both by inflationary potentials, as the latest Planck 2018 [56] results favour plateau-like potentials, and by moduli potentials, since string models feature potentials that open-up on at least one side with respect to the late-time minimum. As we will show in the rest of the paper, the most 4 Axion stars are expected to be produced in the unbroken PQ scenario [42, [47] [48] [49] and for this reason they are particularly well motivated.
5 See [50] for an alternative approach.
Mini-Boson Stars
Boson Stars weak self-interactions strong self-interactions
Real
Oscillons Oscillatons attractive self-interactions Table 1 : Classification of complex and real scalar stars. Here and in the rest of the paper we denote by "G = 0" the cases in which gravity effects are negligible (where G is the Newton's constant), and by "G = 1" the cases in which gravity effects are important.
interesting dynamics appear if the effects of gravity become of the same order as those due to self-interactions.
Note that the objects we consider in this work have a compactness 6 comparable to that of the corresponding black hole. The formation of such objects needs to be checked for each specific model via dedicated lattice simulations. In the simplest and most modelindependent scenarios, self-interactions of a single field are sufficient to make the quantum fluctuations grow and enter the non-linear regime. The growth can take place mainly through parametric resonance (see [22] and references therein) or tachyonic resonance [57] . Focusing on the models studied in the present paper, parametric and tachyonic resonance are efficient production mechanisms in the case of the KKLT model and α-attractors Tmodels respectively 7 . In the case of α-attractor E-models (or Starobinsky-like potentials), the production might be difficult to achieve through parametric and/or tachyonic resonance, but it could take place through other mechanisms, e.g. i) through parametric resonance induced by a second oscillating field [60] , ii) through some enhancement in the scalar power spectrum, as for the formation of primordial black holes (see [61] for recent work in this direction), iii) through dynamical clustering of lighter objects [62] .
A better understanding of the evolution of moduli stars is important for a number of reasons:
1. Non-spherically symmetric oscillons produce GWs due to the dynamics of each single object [63] . The GW spectrum at production is peaked at frequencies f ∼ O(m), where m is the mass of the scalar field. The current diluted value is roughly given by f m TeV
5/6
Hz ,
where the uncertainty is related to the knowledge of the exact production time and is removed by numerical simulations. For m ∼ 10 9 GeV the peak would fall in the LIGO frequency range. In [64] , the authors parameterized the oscillon profile as
The compactness is defined as C = M/R, where M is the total mass of the RSS and R its radius, containing 90% of the mass of the star. 7 For α-attractor T-models [58, 59 ] the region of the parameter space investigated is borderline in terms of the efficiency of the tachyonic resonance production mechanism, and should be checked through lattice simulations. The formation of RSSs is however beyond the scope of this work and we leave it for the future.
where Φ(t) ≡ Af (t) is the time-dependent oscillon amplitude (f (t) a periodic function, e.g. f (t) = cos(t)), while F(t, x) is the asymmetric profile. Since the source of the anisotropic stress tensor is ∝ ∂ i φ∂ j φ, the energy density in GWs produced by such a configuration is
hence the amplitude of the GW spectrum is proportional to the fourth power of the oscillon field amplitude. Typically, the larger is the oscillaton field amplitude, the larger is the compactness C of the compact object. In this paper we focus on the dynamical evolution of spherically symmetric configurations, and we leave the analysis of the formation of dense RSSs through various mechanisms operating in the early Universe and of the related GW production to future work.
2. If RSSs are stable for a long time, they could undergo dynamical interactions including the i) formation of binaries [62] and collisions [65] with subsequent emission of primordial GWs that would result in a stochastic background; ii) clustering and formation of heavier bound objects [66] , with possible collapse to heavy black holes that could survive even after the decay of the fields that compose the original star, and constitute a dark matter candidate. The richness of these dynamics would be enhanced if the stars collapse to black holes, since the longer lifetime would make it easier for the black holes to cluster. RSSs themselves could constitute a dark matter candidate if the mass of the scalar field is so small that they have not decayed yet, see [28] for recent work in that direction. In the regime of weak gravity, the RSS would have a low density and a very large size, composing the core of dark matter halos and possibly providing a solution to the cusp-core problem of cold dark matter, see e.g. [67] .
3. If RSSs collapse to black holes, these would have a very small mass and would evaporate quickly, providing one of the necessary conditions required for an explicit realization of the Hawking genesis scenario proposed in [68] . As black holes evaporate democratically into all sectors of the model, such a scenario would provide strong constraints on string model building, given that hidden sectors typically contain dark radiation candidates [69] [70] [71] [72] [73] , which is highly constrained by CMB measurements [74] . Moreover, the collapse to black holes would modify substantially the lifetime of the compact objects. While RSSs have a lifetime which is τ star ∼ 10 3 − 10 4 × m −1 , the lifetime for a black hole with mass
which is larger than τ star for any M p /m 10 2 .
A genuinely new feature of some of the models that we consider in the present paper is the asymmetry of the scalar potential around the minimum. While in symmetric cases the real scalar particles feel either an attractive (if the potential is shallower than quadratic) or a repulsive (if the potential is steeper than quadratic) force, in the case of asymmetric potentials the two behaviours alternate at each oscillation. We would have naively expected this feature to make the RSS more unstable if compared to the symmetric case. We will show in the next subsection that this is actually a model-dependent statement, emphasizing the importance of performing numerical simulations to find out the true RSS dynamics when non-linear interactions and gravity are important.
The paper is organized as follows: in Sec. 2 we review the models for which we will analyze the dynamics of the RSSs. In Sec. 3 we briefly summarize the numerical setup that we use for the simulations in the relativistic regime. In Sec. 4 we illustrate the results of the simulations. In Sec. 5 we draw conclusions and make suggestions for future work.
Models
In this Section we introduce the models for which the dynamics will be studied. In order to determine whether a given potential supports these solutions in the first place let us consider a single real scalar field φ in the absence of self-gravity for the non-perturbative scalar field clumps. One crucial parameter is the typical scale of the potential Λ, which sets the size of the non-linear interactions. Take the for instance the potential
We define the typical scale of the potential Λ as the scale at which the potential deviates significantly from a quadratic potential. Requiring that the interaction terms are of the same order of the mass term in the potential at φ ∼ Λ, this corresponds to requiring that the couplings are of order
The potential in Eq. (2.1) supports RSS (oscillon, i.e. solutions in which gravity is negli-
As a rule of thumb, if the potential is symmetric around the minimum (λ = 0), it supports oscillon solutions whenever it is "shallower than quadratic", which translates into attractive interactions. In order to estimate whether or not self-gravity is negligible for these solutions, let us restrict ourselves for a moment to the simpler case λ = 0: the mass and radius of the RSS in the dense regime, i.e. when the oscillation amplitude of the field is φ ∼ O(Λ), take the form [75] M m g
In order to have a measure of the importance of gravity for the problem at hand, we can take the ratio between the RSSs radius R and the corresponding Schwarzschild radius R s :
which suggests that GR effects become non-negligible if the typical scale of the potential Λ is close to M p . It follows immediately that for RSSs formed in the Kähler moduli inflation scenario [76] , as shown in [24] , GR effects are never important, since the typical scale of the potential is set by the string scale Λ ≡ M s = M p /V 1/2 , where V 1 is the volume of the extra-dimensions. Note that the criterion described above is relevant for the need to include GR effects as we do in this paper -objects with compactness O(1) (and down to around O(10 −3 )) can show relativistic behaviour during their evolution. But gravity can already provide support for RSSs at much lower compactnesses, and then Newtonian gravity is already necessary (but also sufficient) for their study, see e.g. [49, 77] .
In this paper we study various examples of potentials, with highly compact RSSs, in the regime in which GR effects are non-negligible. As already mentioned, we do not deal with the RSS formation mechanism, and we leave the analysis of the effects of GR on such mechanisms to future work. As shown in [62] , it is likely that throughout most of the formation and evolution, Newtonian gravity would be sufficient for a study of the evolution from oscillon to oscillaton. It is only in extreme regimes, or in cases in which perturbations are enhanced, that the objects become sufficiently compact for GR effects to be important. One can then ask the question, at what point do such objects become unstable to gravitational collapse? This question is non trivial, especially in cases in which the potential is asymmetric about the minimum, where the object will experience alternating dispersive and attractive interactions during the course of one oscillation. We thus focus on the stability of large perturbations in the field, and the interplay between the non-linear field dynamics, and gravitational effects 9 .
We will consider three classes of potentials: α-attractor T-and E-models, and KKLT. The shapes of the potentials, crucial for the dynamics of the RSSs, is summarized in Fig. 1 where we normalized the mass of the field to the same mass m. Although the results illustrated in Sec. 4 are valid for any value of the mass m, for α-attractor potentials, once Λ is fixed, then also the value of the mass m is fixed in order for the inflationary dynamics to be in agreement with observations. α-attractor T-models α-attractors have been proposed as supergravity models of inflation [58, 59] . In this class of models the field-space curvature, parametrised by α, plays a crucial role in the determination of the inflationary observables, as it allows for the tuning of the tensor to scalar ratio. The general scalar potential for α-attractor T-models takes the form
6)
9 For a similar study in the context of complex field boson stars see [78] . where V 0 is a normalization constant and Λ is the typical scale of the potential, related to the geometrical parameter α via
Given that the tensor-to-scalar ratio can be written as
where N e ≡ ln a is the number of efoldings of expansion during inflation, the current upper bound r ≤ 0.07 constrains the scale Λ to Λ/M p < 10 for N e ∼ 50 − 60. This corresponds to having the observable range of inflationary expansion being produced in the plateau region of the potential. Normalisation of the scalar curvature perturbations
implies that the scale of the potential V 0 is bounded from above: V 0 ≤ 10 −9 M 4 p . Around the minimum the potential admits an expansion of the form
and therefore it obeys the "shallower than quadratic" criterion for the existence of oscillon solutions in the absence of gravity. We stress that this criterium is simply an indication for when the formation might take place in the absence of gravity. If gravity effects are included meta-stable solutions exist even for the free-field case. In our simulations we use the full potential for all models. We will set n = 1, in which case the cubic coupling vanishes and the quartic becomes g = −16V 0 /Λ 4 , automatically satisfying Eq. (2.3). In this kind of potential oscillons are formed for Λ M p in the broad resonance regime [62] .
α-attractor E-models α-attractor E-models of inflation feature a plateau-like potential which is favoured by the latest Planck results [56] . They are a generalization of the Starobinsky potential of the form
Notice that the original Starobinsky model has Λ/M p = 3/2 while fibre inflation corresponds to the case with Λ/M p = 1/ √ 3 [79] . Like the T-models, this class of models features a minimum at the origin and a flat plateau for φ Λ. We note however that while the minimum for the T-models is symmetric, in the case of E-models it is not.
If φ is the inflaton field, to leading order in N e 1 one has
Inflationary constraints on r and A s map to the bounds Λ/M p ≤ 5 and V 0 ≤ 10 −9 M 4 p . We stress that these only apply if φ is responsible for inflation and that in Sec. 4 we will consider cases where these conditions are violated.
Around the minimum one may expand
and so the E-model potential is shallower than quadratic to the right of the minimum and steeper to its left, c.f. Fig. 1 . As a consequence of this asymmetry, over the course of a cycle, the RSS particles will experience alternating attractive and repulsive forces. This class of potential therefore meets the zeroth order criterion for oscillon formation in the absence of gravity. If the oscillon amplitude is small enough such that the quartic expansion of V is a good approximation, the formation criterion of Eq. (2.3) reduces to V 0 > 7/30 Λ 2 M 2 p . Note that in this regime φ cannot be the inflaton as it would violate the normalisation of the scalar power spectrum, Eq. (2.8).
KKLT KKLT is one of the most well-known mechanisms for Kähler moduli stabilisation in Type IIB string compatifications [81] . In its simplest variant it features one single Kähler modulus T = τ + ia describing the overall size of the compactification space. The scalar potential for the complex scalar T is generated by non-perturbative corrections to the action. More explicitly it is generated by the Kähler potential and superpotential the canonically normalised volume modulus is
Assuming that the axion a is stabilised at the minimum of its scalar potential, the potential for τ arising from Eq. (2.13) takes the form 16) where V dS = V up τ −2 is an additional term that ensures a de Sitter minimum [81] . This potential features a minimium with vanishing cosmological constant atτ defined by
Around the minimum the potential admits an expansion of the form
From Eq. (2.18) and Eq. (2.15) one sees that V is asymmetric around the minimum and shallower than quadratic to the right of it, meeting the zeroth order criterium for the existence of oscillon solutions in the absence of gravity. It has been shown in [24] that in the large |W 0 | regime 10 oscillons are formed in the KKLT scenario.
Numerical Setup
We use numerical relativity (NR) simulations to search for stable solutions to the EinsteinKlein-Gordon (EKG) equations with each of the given models. We start with profiles for the scalar field which would, in the absence of self-interactions in the field, provide stable solutions. For each of the models described above, we evolve these forward in time to see if a stable state is reached, or whether collapse or dispersion of the perturbation occurs.
In this Section we give further details of the initial conditions and numerical techniques used, including code verification tests. 10 The minimum in KKLT is located at |W0| ∼ e 
Initial conditions
In the free-field oscillaton case, with V (φ) = 1 2 m 2 φ 2 , meta-stable solutions 11 to the EKG equations can be found numerically using a shooting method, as in [43] [44] [45] . Once the field mass m is fixed, they describe a one parameter family of solutions, parameterised by the central amplitude or, equivalently, by the total mass of the perturbation. We will use the latter to specify the initial configurations of the simulations. The one parameter family of solutions is composed of two different branches, i.e. the stable branch and the unstable branch. For a fixed value of m, upon increasing the central amplitude of the field, the total mass M of the equilibrium configurations grows till the maximum value M max = 3.04 M 2 p /m: this is the stable branch. If the central amplitude is increased any further, the total mass M starts moving towards smaller values: this is the unstable branch. Perturbed configurations on the stable branch quickly go back to a stable configuration, while perturbed configurations on the unstable branch either collapse to black holes (if the perturbation increases the total mass for fixed central amplitude) or it migrates towards the stable branch (if the perturbation decreases the total mass for fixed central amplitude). We will consider configurations that belong to the stable branch in the free-field case, in the range of total masses 2.6 M 2 p /m < M < 3.0 M 2 p /m. We choose this range based on the following observations: i) below 2.6 M 2 p /m GR effects become less and less important for the potentials considered in this paper, and ii) above the mass M = 3.04 M 2 p /m any perturbation makes the free-field RSS unstable, so this value sets our upper bound for the total mass. For definiteness, we consider the three values M = 2.6 M 2 p /m, M = 2.9 M 2 p /m and M = 3.0 M 2 p /m for the initial total mass of the RSSs, respectively corresponding to the initial central amplitudes φ/M p = 0.2, φ/M p = 0.3, φ/M p = 0.4 for the scalar field of the free-field RSSs. In this way, we quantify and compare the change in stability as a result of the non-linear self-interactions.
A time slice of these solutions is used as the initial conditions for our simulations. For numerical convenience, we choose a slice on which φ(r) = 0 andφ(r) = 0, see App. A of [51] for further details. This gives us a moment of time symmetry (at the level of the metric and the stress-energy tensor) such that the momentum constraint is trivially satisfied. In addition, since the field is everywhere at the minimum in the potential, it does not at this point "feel" the deviations from the free-field case, and thus the numerically obtained RSS solutions for the metric and the field satisfy the Hamiltonian constraint exactly, without further modification.
Whilst it should be emphasised that the free-field oscillaton solutions are not necessarily stable once self-interactions are added, they nevertheless provide a convenient set of initial conditions with which to systematically test the stability properties of each model. The interacting solution is likely to be similar to the non-interacting one, at least for small self-interactions, so one may hope that such an approach makes it more likely that we will converge on the stable solutions (compared to starting with, for example, a gaussian, or 11 As emphasized in Sec. 1, these compact objects are bound to disperse, given that there is no conservation law preventing their decay, see however [82] [83] [84] [85] [86] .
other random perturbation profiles 12 ), if such solutions exist. We note that a failure to settle into a steady state in our simulations is not evidence that no stable solution exists -we could simply have not found it. However, in all cases studied, we do see our solution settle into a stable state below some critical mass, justifying the approach.
A further practical advantage of using the RSS solutions is that one can check that in the limit of small amplitudes and/or small self-interactions, the solution remains stable and unchanged (modulo some initial gauge evolution), which is an invaluable check of the code and potential function.
Finally we note that, for asymmetric potentials, we have a choice of which direction in field space we initially send the field -to the attractive or repulsive part of the potential. We do not find that this makes a significant difference to our results; the collapsing cases will still collapse, just with a longer or shorter timescale. So we choose to always send it in the direction of positive φ.
Numerical methods
We use the publicly available NR code GRChombo to evolve the initial data forward in time. GRChombo is itself built on top of the open source Chombo framework [88] . For a more full discussion of GRChombo see [89] , or the website www.grchombo.org. For completeness we describe below the key features of the code as used in this work.
The evolution uses the method of lines, with metric and field derivatives calculated using finite difference stencils of the grid values and a Runge-Kutta time integration for the evolution equations. The metric in the 3+1D decomposition:
where α is the lapse and γ ij is the three-metric on the equal time hypersurfaces. The BSSN formulation [90] [91] [92] of the 3+1D ADM equations [93] is used for numerical stability, with CCZ4 [94] constraint damping terms added to reduce constraint violation over the simulation. The moving puncture gauge [95] [96] [97] is employed to allow the simulations to follow black hole formation -this is a dynamical gauge choice which maintains coordinate observers at approximately fixed positions relative to the center of the domain, avoiding the focussing of geodesics on the overdense regions.
The length of the domain is L = 64 × 1/m, where m is the mass of the field, and we enforce between 4 and 7 (2:1) refinement levels at the start of the simulation with the coarsest having N grid points, where N = 64 3 is usually sufficient, but several values are used to check convergence. Additional resolution is added if collapse occurs, triggered dynamically by second derivatives in the field φ and metric conformal factor χ exceeding set thresholds. The metric conformal factor is defined as χ = (det γ ij ) −1/6 , thus the formation of a singularity is signalled by χ falling to zero at the center, where the metric determinant becomes infinite. Note, however, that due to the rapidly varying amplitude of the field, we frequently needed to fix the resolution at the maximum level achieved using Adaptive Mesh Refinement (AMR), following an initial exploratory run, so as to control the errors from too frequent regridding. Kreiss-Oliger dissipation is used to control numerical errors in the evolution of the fields, in particular that arising at the grid boundaries. We evolve only 1/8th of the grid using the octant symmetry in cartesian coordinates, and apply Sommerfeld boundary conditions (which permit outgoing radiation and thus reduce reflections into the grid) at the outer edges. Whilst a code adapted to the spherical symmetry of the solutions would provide a far more efficient approach, the method adopted gives us the potential to generalise our studies in future work. Beyond tracking the dynamics of χ, we check the formation of black holes by finding the apparent horizon on each spatial hypersurface [98] . Apparent horizons are "trapped" surfaces for which the expansion of the outgoing null geodesics normal to the surface is zero -for a stationary metric they coincide with the event horizon but in a dynamical spacetime the event horizon (which can only be found by integrating the null geodesics over all time) may lie outside the apparent horizon. An apparent horizon area thus provides a lower limit on the mass of any black hole present in the spacetime.
We have checked convergence of the simulations in critical cases where we identify a boundary between collapse and stability. An illustration of the tests performed is shown in Fig. 2 . We find the solution to be well converged in the range of base resolutions between N = 48 3 to N = 96 3 . In other simulations away from the critical cases we check that the profiles obtained for the field φ and the inverse determinant of the metric χ are indistinguishable when the simulation is performed at several different base resolutions centered on N = 64 3 .
We note that the time period of our simulations is necessarily much shorter than the expected lifetime of the oscillatons due to computational limitations, such that we cannot explicitly confirm that the solutions we class as "meta-stable" will remain so in the longer term. However, where we see the solution settle into a periodic pattern (usually with modulations that appear to be decaying over time), it is reasonable to assume that in the absence of further perturbations it will then slowly decay rather than suffer a sudden collapse. Running several simulations for longer periods supports this intuition.
Finally, we also present cases with gravity "switched off" for comparison. In such cases we evolve only the scalar field dynamics on a Minkowski background, that is, setting G = 0, and the initial metric to flat space. In doing so we can see how gravity supports the collapse, in addition to the non-linear self-interactions.
Results of the Simulations
In this Section we present the results of our NR simulations, showing the dynamics of the central field amplitude φ and of the metric conformal factor χ. Generically for all the models, as can be seen in the figures, in the metastable phase the central field amplitude oscillates in proper time such as in Eq. (1.2), with Φ(τ ) ∝ cos(ωτ + δ), ω = c m and c = O(1). The decrease of χ to zero at the center signals the formation of a black hole, that we check by finding an apparent horizon whose area gives a lower bound on the mass of the final black hole. For all the cases in which a collapse occurs, the final mass of the black hole, computed using the apparent horizon, is between 85% and 95% of the original mass of the RSS.
α-attractor T-models
We consider values of the typical scale of the potential 0.14 < Λ/M p < 0.2 and we take for concreteness n = 1. These values are borderline for the formation of oscillons in the simplest scenario of single field with self-interactions, since the requirement for the formation in that case is Λ M p . For smaller values of the scale Λ, GR effects are always negligible, as already observed in [62] . For each value of the typical scale of the potential we vary the initial total mass M of the configuration in the range 2.6 M 2 p /m < M < 3.0 M 2 p /m. We observe three peculiar behaviours for RSSs in T-model potentials:
1. For the smallest Λ/M p = 0.14, all the solutions (corresponding to different initial total masses) radiate scalar waves during the first oscillations, settling down into an equilibrium configuration. We show this behaviour for the heaviest initial total mass M = 3.0 M 2 p /m in Fig. 3 . By the end of the simulation the RSS has lost 25% of its initial total mass and the compactness has decreased by a factor C initial /C final = 4.4. In Fig. 6 we show the comparison between the dynamical evolution of the central amplitude of two RSSs with the same initial total mass M = 2.6 M 2 p /m when gravity is taken into account (black line) and when gravity are neglected (blue line), for Λ/M p = 0.2. Upon adding the effects of gravity the equilibrium amplitude is larger: this could be an important effect for GW production in the light of Eq. (1.3) , in the non-spherically symmetric cases. This effect is even more pronounced for stable RSSs with larger initial amplitude but not large enough to make them collapse to black holes.
α-attractor E-models
In this case we consider two cases: Λ/M p = 1 and Λ/M p = 2, so as not to restrict ourselves to a single model. We observe the following behaviours:
1. For Λ/M p = 1 the configurations with initial total mass 2.9 M 2 p /m ≤ M ≤ 3.0 M 2 p /m collapse rapidly to black holes, see Fig. 7 . The configuration with initial total mass M = 2.6 M 2 p /m settles into a stable solution after radiating part of the energy into scalar waves. In the left panel of Fig. 9 we show the comparison between the stable configuration obtained including gravity effects in the simulation (black line) and the configuration with the same initial conditions if gravity effects are switched off (blue line): the presence of gravity makes the RSS stable even in the case in which the attractive self-interactions are not strong enough to allow the existence of the oscillon solution, as evident from the fact that the central field is damped very quickly, i.e. the RSS disperses. At the same time, in the right panel we show how the attractive gravitational interaction can dynamically drive the RSS to black hole collapse, even in a case that would quickly disperse in the absence of gravity effects. 
KKLT
In the KKLT scenario we observe the same qualitative behaviour for all the initial total masses in the range 2.6 M 2 p /m < M < 3.0 M 2 p /m: the RSS radiates part of the energy into scalar waves until it settles into a quasi-equilibrium configuration. We never observe collapse to black holes in this scenario for the region of the parameter space investigated (i.e. |W 0 | 10 −4 ) for which the formation of oscillons has been studied in [24] . In Fig. 10 we show the evolution of the central field amplitude for the parameter point |W 0 | = 10 −2 and initial total mass M = 3.0 M 2 p /m. This point has been chosen in such a way to maximize the typical scale of the potential. At the very end of the simulation the RSS has lost 44% of its mass and it seems to be still radiating energy into scalar waves very slowly. The compactness is reduced by a factor C initial /C final 5. Notice the remarkably different behaviour with respect to the case without gravity shown in 
Conclusions
We have analyzed by means of full GR simulations the stability of RSS solutions in various potentials relevant for inflation and for realistic string theory scenarios. Assuming large relativistic perturbations of various masses as an initial condition, we have used NR techniques to study their dynamical evolution and stability. The results are summarized in Tab. 2, including the results obtained in the absence of gravity effects. The present analysis is relevant for a better understanding of the post-inflationary dynamics and the possible production of GWs during the pre-BBN era. We have observed several different behaviours, depending on the potential, the parameters of the model and the mass of the initial RSS configuration. While we observe that in KKLT scenarios RSSs are meta-stable in the region of parameter space investigated even for the heaviest initial configurations taken into account, for the other potentials the heaviest RSSs can be dynamically driven (by the interplay of gravity and self-interactions) to collapse to black holes, even if the initial radii are much larger than the corresponding Schwarzschild radii. We have performed a comparison with the corresponding solutions that would be obtained in the absence of gravity, showing that gravitational effects can significantly modify the dynamics of the RSSs in the region of parameter space taken into account. In particular we observe the following general features: In the latter case the RSS radiates the excess energy into scalar waves very quickly, until it settles into an equilibrium configuration. In the former case the decay is very slow and the oscillation amplitude is much larger for a long time.
• In cases in which the RSS quickly disperses in the absence of gravity, gravitational effects can either stabilize it, or drive it to collapse to black hole, see e.g. Fig. 9 for the case with E-model potential. Hence, one would expect to observe more RSSs (and hence enhanced GW production) than those predicted by lattice simulations of preheating scenarios that do not take into account gravity. Further studies to better understand the formation of RSSs in these potentials are required, to determine under what circumstances perturbations can grow to relativistic amplitudes.
• In some cases in which the RSS is stable with self-interactions only, gravitational effects can either enhance the amplitude of the field oscillations in its interior, see e.g. Fig. 6 (T-models) and Fig. 11 (KKLT) , or dynamically drive it to collapse to black holes, see e.g. left panel of Fig. 5 (T-models). While the former effect can have a significant impact on the production of GWs due to the RSS dynamics, as explained in Sec. 1 (see Eq. (1.3)), the latter effect would significantly affect the reheating history of the Universe.
Numerical simulations are valuable tools for understanding the physics of the very early Universe. The simulations we have performed can be easily adapted to study more complex systems of perturbations in the absence of spherical symmetry. Some possible future directions include the production of relativistic oscillatons during preheating, the formation of primordial black holes, and the production of GWs from early matter domination. We plan to return to these and related questions in future work. 
